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CS 309 GRAPH THEORY AND COMBINATORICS 

VISION OF THE INSTITUTION 

To mould true citizens who are millennium leaders and catalysts of change through excellence in 

education. 

 MISSION OF THE INSTITUTION  

NCERC is committed to transform itself into a center of excellence in Learning and Research in 

Engineering and Frontier Technology and to impart quality education to mould technically competent 

citizens with moral integrity, social commitment and ethical values. 

  

We intend to facilitate our students to assimilate the latest technological know-how and to imbibe 

discipline, culture and spiritually, and to mould them in to technological giants, dedicated research 

scientists and intellectual leaders of the country who can spread the beams of light and happiness among 

the poor and the underprivileged. 
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ABOUT DEPARTMENT 

⧫ Established in: 2002 

⧫ Course offered  :  B.Tech in Computer Science and Engineering 

M.Tech in Computer Science and Engineering 

M.Tech in Cyber Security 

⧫ Approved by AICTE New Delhi and Accredited by NAAC 

⧫ Affiliated to the University of Dr. A P J Abdul Kalam Technological University. 

 

DEPARTMENT VISION 

Producing  Highly  Competent, Innovative and Ethical Computer Science and Engineering Professionals 

to facilitate continuous technological advancement. 

 

DEPARTMENT MISSION 

1. To Impart Quality Education by creative Teaching Learning Process  

2. To Promote cutting-edge Research and Development Process to solve real world problems with 

emerging technologies.  

3. To Inculcate Entrepreneurship Skills among Students.  

4. To cultivate Moral and Ethical Values in their Profession.  

 

PROGRAMME EDUCATIONAL OBJECTIVES 

PEO1: Graduates will be able to Work and Contribute in the domains of Computer Science and Engineering 

through lifelong learning. 

PEO2: Graduates will be able to Analyse, design and development of novel Software Packages, 

Web Services, System Tools and Components as per needs and specifications. 

PEO3: Graduates will be able to demonstrate their ability to adapt to a rapidly changing environment by 

learning and applying new technologies. 

PEO4: Graduates will be able to adopt ethical attitudes, exhibit effective communication skills, 

Teamworkand leadership qualities. 

 

 

Free Hand
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PROGRAM OUTCOMES (POS) 

Engineering Graduates will be able to: 

1. Engineering knowledge: Apply the knowledge of mathematics, science, engineering 

fundamentals, and an engineering specialization to the solution of complex engineering 

problems. 

2. Problem analysis: Identify, formulate, review research literature, and analyze complex 

engineering problems reaching substantiated conclusions using first principles of 

mathematics, natural sciences, and engineering sciences. 

3. Design/development of solutions: Design solutions for complex engineering problems and 

design system components or processes that meet the specified needs with appropriate 

consideration for the public health and safety, and the cultural, societal, and environmental 

considerations. 

4. Conduct investigations of complex problems: Use research-based knowledge and research 

methods including design of experiments, analysis and interpretation of data, and synthesis of 

the information to provide valid conclusions. 

5. Modern tool usage: Create, select, and apply appropriate techniques, resources, and modern 

engineering and IT tools including prediction and modeling to complex engineering activities 

with an understanding of the limitations. 

6. The engineer and society: Apply reasoning informed by the contextual knowledge to assess 

societal, health, safety, legal and cultural issues and the consequent responsibilities relevant 

to the professional engineering practice. 

7. Environment and sustainability: Understand the impact of the professional engineering 

solutions in societal and environmental contexts, and demonstrate the knowledge of, and need 

for sustainable development. 

8. Ethics: Apply ethical principles and commit to professional ethics and responsibilities and 

norms of the engineering practice. 

9. Individual and team work: Function effectively as an individual, and as a member or leader 

in diverse teams, and in multidisciplinary settings. 

10. Communication: Communicate effectively on complex engineering activities with the 

engineering community and with society at large, such as, being able to comprehend and 

write effective reports and design documentation, make effective presentations, and give and 

receive clear instructions. 

11. Project management and finance: Demonstrate knowledge and understanding of the 

engineering and management principles and apply these to one’s own work, as a member and 

leader in a team, to manage projects and in multidisciplinary environments. 

12. Life-long learning: Recognize the need for, and have the preparation and ability to engage in 

independent and life-long learning in the broadest context of technological change. 

PROGRAM SPECIFIC OUTCOMES (PSO) 

PSO1: Ability to Formulate and Simulate Innovative Ideas to provide software solutions for Real-

time Problems and to investigate for its future scope. 
 

PSO2: Ability to learn and apply various methodologies for facilitating development of high quality 

System Software Tools and Efficient Web Design Models with a focus on performance 
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optimization. 
 

PSO3: Ability to inculcate the Knowledge for developing Codes and integrating hardware/software 

products in the domains of Big Data Analytics, Web Applications and Mobile Apps to create 

innovative career path and for the socially relevant issues. 

 

COURSE OUTCOMES 

 

CO1 Demonstrate the knowledge of properties of graphs. 

CO2 Demonstrate the knowledge of characterization of graphs. 

CO3 Demonstrate the knowledge of properties and characterization of trees. 

CO4 Distinguish between planar and non-planar graphs and solve problems. 

CO5 Use graphs for solving real life problems.. 

CO6 Develop the efficient algorithms for graph related problems in different domains of 

engineering and science. 

 

MAPPING OF COURSE OUTCOMES WITH PROGRAM OUTCOMES 

 

 

 

 

 

 

 

 

 PO 

1 

PO 

2 

PO 

3 

PO 

4 

PO 

5 

PO 

6 

PO 

7 

PO 

8 

PO 

9 

PO 

10 

PO 

11 

PO 

12 

CO1 
3 - - - - - - - - - - - 

CO2 
3 - - - - - - - - - - - 

CO3 
3 - - - - - - - - - - - 

CO4 
- 3 3 3 - - - - - - - - 

CO5 
- 3 3 3 - - - - - - - - 

CO6 
- 3 3 3 - - - - - - - - 
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MAPPING OF COURSE OUTCOMES WITH PROGRAM OUTCOMES 

 

 

 

 

 

 

 

 

Note: H-Highly correlated=3, M-Medium correlated=2, L-Less correlated=1 

 

 

SYLLABUS 

 

 PSO1 

 

PSO2 PSO3 

CO1 
3 - - 

CO2 
3 - - 

CO3 
3 - - 

CO4 
- 3 3 

CO5 
- 3 3 

CO6 
- 3 3 
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QUESTION BANK 

 

 

MODULE I 

 

Q:NO

: 

 

QUESTIONS 

 

CO 

 

K

L 

 

PAGE 

NO: 

1 Consider a graph G with 4 vertices: v1,v2,v3 and v4 and 

the degrees of vertices are 3,5,2 and 1 respectively. Is it 

possible to construct such a graph G? If not, why? 

CO3 K5 1 

2 Draw a disconnected simple graph G1 with 10 vertices 

and 4 components and also calculate the maximum 

number of edges possible in G1. 

CO1 K1 22 
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3 List the basic conditions to be satisfied for two graphs to 

be isomorphic. Predict the following graphs are 

isomorphic. Explain with valid reasons. 

 

CO1 K1 15 

4 Write any two applications of graphs with sufficient 

explanation. 

CO1 K3 3 

5 Show that the number of vertices of odd degree in a 

graph is always even. 

CO1 K2 12 

6 Describe graph, subgraph, Edge –disjoint subgraph and 

vetex-disjoint subgraph with example. 

CO1 K2 17 

 

MODULE II 

1 Give an example of a Hamiltonian graph and compare 

it with bipartite graph. 

CO2 K2 35 

2 Explain the terms: (a) Euler Graphs. (b) Digraphs. CO2 K5 27 

3 Distinguish between Directed and Undirected graphs 

with examples. 

CO2 K2 43 

4 Describe Euler line and Euler graph with example. CO2 K4 27 

5 Define Hamiltonian path and Hamiltonian circuit with 

example. 

CO2 K2 35 

6 Give an example of digraphs and list out the types of 

digraphs. 

CO2 K1 43 

7 Show that a given connected graph G is an Euler graph 

if and only if all vertices of G are of even degree. 

CO2 K2 29 

8 Show that in a complete graph with n vertices there are 

(n-1)/2 edge –disjoint Hamiltonian circuits, if n is an 

odd number ≥3.              

CO2 K2 38 
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MODULE III 

1 Define tree and draw trees with one, two, three and 

four vertices. 

CO3 K1 57 

2 Show that there is one and only one path between 

every pair of vertices in a tree, T. 
 

CO3 K2 58 

3 Show that  a tree with n vertices has n-1 edges. CO3 K2 59 

4 Define spanning tree and show that every connected 

graph has at least one spanning tree. 

CO3 K1 80 

5 Define distance in a tree and show that the distance 

between vertices of a connected graph is a metric. 

CO3 K1 84 

6 List the properties of a binary tree, how to find the path 

length of a binary tree and what is the importance of it. 

CO3 K1 69 

7 Define tree, null tree and decision tree. CO3 K1 57 

8 List the conditions to say that a graph G with n vertices 

is called a tree. 

CO3 K1 62 

 

MODULE IV 

1 Write about how to find dual of  a subgraph. CO4 K3 128 

2 Show that Kuratowski’s second graph is nonplanar. CO4 K2 115 

3 Assess the relationship between a planar graph G and 

its dual G*. 

CO4 K5 129 

4 Draw the geometric dual (G*) of the graph G given 

below and also check whether G and G* are self dual 

or not, substantiate your answer clearly. 

CO4 K1 128 
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5 Define planar graph and prove that the complete graph 

of  five vertices is nonplanar. 

CO4 K1 112 

6 Show that  a connected planar graph with n vertices 

and e edges has e-n+2 regions. 

CO4 K2 122 

 

MODULE V 

1 Analyze the observations can be made immediately 

about the incidence matrix A of the graph in Fig.1. 

 
Fig.1 

 

CO5 K4 143 

2 Write down the fundamental circuit matrix with 

respect to the spanning tree shown in heavy lines of 

the graph in Fig.2 and prove that “If B is a circuit 

matrix of a connected graph G with e edges and n 

vertices, rank of B = e – n + 1. 

CO5 K3 148 
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3 Write down the circuit matrix and path matrix P(v2, 

v6) for the graph in Fig.1 and write down the 

observations made from the circuit matrix and path 

matrix. 

CO5 K3 148 

4 Analyze the observations can be made immediately 

about the adjacency matrix X of the following graph. 

 

CO5 K4 138 

5 Explain in detail about the relationships among Af, Bf, 

and Cf. 

CO6 K5 158 

6 Write down the cut-set matrix and fundamental cut-set 

matrix for the following graph. 

CO6 K3 154 
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MODULE VI 

1 Write down Dijkstra’s algorithm and find out the 
shortest path between B and G vertices of the following 
graph. 

 

CO6 K3 176 

2 Explain the working of connectedness and components 

algorithm with flow chart. 

CO6 K5 169 

3 What do you mean by efficiency of an algorithm and 
explain in detail about the input and output computer 
representation of a graph. 

CO6 K5 164 

4 Write about spanning tree algorithm with flow chart. CO6 K3 171 

5 Explain single pair shortest path algorithm with flow 
chart. 
 

CO6 K5 175 
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6 Explain all pair shortest path algorithm with flow chart. CO6 K5 184 

 

 

APPENDIX 1 

 

CONTENT BEYOND THE SYLLABUS 

SL.NO: TOPIC PAGE NO: 

1 THE GIRTH OF A GRAPH 188 

2 ON-LINE COLORING LINE COLORING – A TWO PERSON GAME 188 

3 INTERVAL GRAPH 191 

4 VISIBILITY GRAPH 191 

5 THRESHOLD GRAPH 192 
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APPENDIX 1 

 

CONTENT BEYOND THE SYLLABUS 

 

1. THE GIRTH OF A GRAPH 

Definition A graph containing no cycles is called a forest. In a forest, every component is a tree. 

So a tree is a forest. We say that the girth of a forest is infinite.  

Definition When G is not a forest, we define the girth of G as the size of the smallest cycle in G. 

The graph shown below has girth 8. 

 CHROMATIC NUMBER AND GIRTH 

Theorem(Erdős, ‘59)   For every pair  (g, t)  of positive integers with  g, t ≥ 3, there is a graph  G  

with girth   g  and chromatic number  t. 

 

2. ON-LINE COLORING LINE COLORING – A TWO PERSON GAME 

Builder  constructs a graph one vertex at a time. 

Assigner  colors the graph in an on-line manner. 

Fact: Even in the class of forests, Builder can force  n  colors on a graph with  2n-1vertices. 

Explanation: Let  Sn  be the Builder’s strategy for forcing  n  colors.   Then  Sn+1can be viewed 

as adding one new vertex to the disjoint application of  S1,  S2,  S3, …, Sn and then adding one 

new vertex. 

Theorem (Kierstead and Trotter, ‘82)  In the class of interval graphs, there is a strategy for 

Assigner that will enable her to color an interval graph with  3k –2  colors provided  Builder 

keeps the maximum clique size at most  k.   Builder does not need to know the value of  k  in 

advance.  Furthermore, this bound is best possible, since there is a strategy for Builder that will 

force assigner to use at least  3k –2 colors, regardless of the strategy used in assigning colors. 
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GAME COLORING FOR GRAPHS 

Definition: The game chromatic number of a graph is the least positive integer t  for which there 

is a strategy for Alice that will enable her, working in “cooperation” with Bob, to color the graph 

using  t  colors and alternating turns.  

Note: The issue as to who goes first can be important. 

Theorem(Kiersteadand Trotter, ’94)   The game chromatic number of a planar graph is at most  

33. 

TWO CHALLENGING EXERCISES 

Observation: The chromatic number of a tree is two if it has an edge.  However, the game 

chromatic number of a tree is at most  4 and this result is best possible.  This is a good exercise 

for a senior level undergraduate course in graph theory. 

Follow-Up: Note  Kiersteadand Zhu have been carrying on a running competition for  20  years, 

and it is now known that the game chromatic number of a planar graph is at most  17  with Zhu 

in the winning position for now.   From below, a lower bound of  7 is known.  If  you really want 

to get an  A+++, move either bound. 

LIST COLORINGS OF GRAPHS 

Definition The list chromatic number of a graph is the smallest integer  t  so that a proper 

coloring of the graph can always be found using colors from prescribed lists of size  t, one list for 

each vertex.  Note that different vertices can have different lists. 

ExampleWhen  n = C(2t-1, t), the complete bipartite graph  Kn, n  has list chromatic number  t + 

1. 

Theorem(Thomasen, 1994)  The list chromatic number of a planar graph is at most  5. 

 

COCOLORING 

In graph theory, a cocoloring of a graph G is an assignment of colors to the vertices such that 

each color class forms an independent set in G or in the complement of G. The cochromatic 

number z(G) of G is the fewest colors needed in any cocolorings of G. The graphs with 

cochromatic number 2 are exactly the bipartite graphs, complements of bipartite graphs, and split 

graphs. 
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As the requirement that each color class be a clique or independent is weaker than the 

requirement for coloring (in which each color class must be an independent set) and stronger 

than for subcoloring (in which each color class must be a disjoint union of cliques), it follows 

that the cochromatic number of G is less than or equal to the chromatic number of G, and that it 

is greater than or equal to the subchromatic number of G. 

Cocoloring was named and first studied by Lesniak & Straight (1977). Jørgensen (1995) 

characterizes critical 3-cochromatic graphs, while Fomin, Kratsch & Novelli (2002) describe 

algorithms for approximating the cochromatic number of a graph. Zverovich (2000) defines a 

class of perfect cochromatic graphs, analogous to the definition of perfect graphs via graph 

coloring, and provides a forbidden subgraph characterization of these graphs. 

 

TOTAL COLORING 

In graph theory, total coloring is a type of graph coloring on the vertices and edges of a graph. 

When used without any qualification, a total coloring is always assumed to be proper in the sense 

that no adjacent edges and no edge and its endvertices are assigned the same color. The total 

chromatic number χ″(G) of a graph G is the least number of colors needed in any total coloring 

of G. 

The total graph T = T(G) of a graph G is a graph such that (i) the vertex set of T corresponds to 

the vertices and edges of Gand (ii) two vertices are adjacent in T if and only if their 

corresponding elements are either adjacent or incident in G. Then total coloring becomes a 

(proper) vertex coloring of the total graph. A total coloring is a partitioning of the vertices and 

edges of the graph into total independent sets. 

Some properties of χ″(G): 

1. χ″(G) ≥ Δ(G) + 1. 

2. χ″(G) ≤ Δ(G) + 1026. (Molloy, Reed 1998) 

3. χ″(G) ≤ Δ(G) + 8 ln8(Δ(G)) for sufficiently large Δ(G). (Hind, Molloy, Reed 1998) 

4. χ″(G) ≤ ch′(G) + 2. 

Here Δ(G) is the maximum degree; and ch′(G), the edge choosability. 
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3. INTERVAL GRAPH 

Formally, an interval graph is an undirected graph formed from a family of intervals 

Si, i = 0, 1, 2, ... 

by creating one vertex vi for each interval Si, and connecting two vertices vi and vj by an edge 

whenever the corresponding two sets have a nonempty intersection, that is, 

E(G) = {{vi, vj} | Si ∩ Sj ≠ ∅}. 

From this construction one can verify a common property held by all interval graphs. That is, 

graph G is an interval graph if and only if the maximal cliques of G can be ordered M1, M2, ..., 

Mk such that for any v ∈ Mi ∩ Mk, where i < k, it is also the case that v ∈ Mj for any Mj, i ≤ j ≤ 

k. 

 

4. VISIBILITY GRAPH 

In computational geometry and robot motion planning, a visibility graph is a graph of intervisible 

locations, typically for a set of points and obstacles in the Euclidean plane. Each node in the 

graph represents a point location, and each edge represents a visible connection between them. 

That is, if the line segment connecting two locations does not pass through any obstacle, an edge 

is drawn between them in the graph. When the set of locations lies in a line, this can be 

understood as an ordered series. Visibility graphs have therefore been extended to the realm of 

time series analysis. 

Visibility graphs may be used to find Euclidean shortest paths among a set of polygonal 

obstacles in the plane: the shortest path between two obstacles follows straight line segments 

except at the vertices of the obstacles, where it may turn, so the Euclidean shortest path is the 

shortest path in a visibility graph that has as its nodes the start and destination points and the 

vertices of the obstacles.[1] Therefore, the Euclidean shortest path problem may be decomposed 

into two simpler sub problems: constructing the visibility graph, and applying a shortest path 

algorithm such as Dijkstra's algorithm to the graph. For planning the motion of a robot that has 

non-negligible size compared to the obstacles, a similar approach may be used after expanding 

the obstacles to compensate for the size of the robot.[1] Lozano-Pérez & Wesley (1979) attribute 

the visibility graph method for Euclidean shortest paths to research in 1969 by Nils Nilsson on 

motion planning for Shakey the robot, and also cite a 1973 description of this method by Russian 

mathematicians M. B. Ignat'yev, F. M. Kulakov, and A. M. Pokrovskiy.  

Visibility graphs may also be used to calculate the placement of radio antennas, or as a tool used 

within architecture and urban planning through visibility graph analysis. 
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The visibility graph of a set of locations that lie in a line can be interpreted as a graph-theoretical 

representation of a time series.[2] This particular case builds a bridge between time series, 

dynamical systems and graph theory. 

 

5. THRESHOLD GRAPH 

In graph theory, a threshold graph is a graph that can be constructed from a one-vertex graph by 

repeated applications of the following two operations: 

1. Addition of a single isolated vertex to the graph. 

2. Addition of a single dominating vertex to the graph, i.e. a single vertex that is connected 

to all other vertices. 

For example, the graph of the figure is a threshold graph. It can be constructed by beginning with 

a single-vertex graph (vertex 1), and then adding black vertices as isolated vertices and red 

vertices as dominating vertices, in the order in which they are numbered. 

Threshold graphs were first introduced by Chvátal & Hammer (1977). A chapter on threshold 

graphs appears in Golumbic (1980), and the book Mahadev & Peled (1995) is devoted to them. 

 

An example of a threshold graph 


